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Abstract
Some characteristic features in the radiation from a relativistic electron uniformly rotating
along an equatorial orbit around a dielectric ball have been studied. It was shown that at
some harmonics, in case of weak absorption of radiation in the ball material, the electron
may generate radiation field quanta exceeding in several dozens of times those generated by
electron rotating in a continuous, infinite and transparent medium having the same real part
of permittivity as the ball material. The rise of high power radiation is due to the fact that
electromagnetic oscillations of Cherenkov radiation induced along the trajectory of particle
are partially locked inside the ball and superimposed in nondestructive way.
PACS: 41.60.Bq; 41.60Ap
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1 Introduction
Due to such unique properties as the high intensity, high degree of collimation, and wide spectral
range (see [1]-[6] and references therein) Synchrotron Radiation (SR) serves as an extraordinary
research tool for advanced studies in both the fundamental and applied sciences. Nowadays it is
used worldwide by thousands of scientists in many disciplines like physics, chemistry, material
science and structural biology. These applications motivate the importance of analyzing various
mechanisms for control of SR parameters. From this point of view it is of interest to study the
influence of medium on spectral and angular distributions of SR. Investigations of this kind are
also important for a number of astrophysical problems [4, 7].
The characteristics of high-energy electromagnetic processes in the presence of material are
essentially changed by giving rise to new types of phenomena, the well-known examples of which
are Cherenkov [8]-[10] and diffraction radiation. The operation of many devices intended for
production of electromagnetic radiation is based on interactions of relativistic electrons with
matter (see, e.g., [11]).
As was shown in [12], where SR from a charged particle rotating in a homogeneous medium
was considered (see also [10, 13]), the interference between SR and Cherenkov Radiation (CR)
had interesting consequences. New interesting phenomena occur in case of inhomogeneous media.
A well-known example here is the transition radiation. In particular, the interfaces between
media can be used for monitoring the flows of radiation emitted in various systems. In a series
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of papers initiated in [14]-[16] it was shown that the interference between SR and CR induced
at boundaries of spherical or cylindrical configuration leads to interesting effects.
Investigations of radiation from a charge rotating along an equatorial orbit about/inside
a dielectric ball showed [17, 18] that when the Cherenkov condition for the ball material and
particle speed is satisfied, there appear high narrow peaks in the spectral distribution of the
number of quanta emitted to outer space at some specific values of the ratio of ball-to-particle
orbit radii. In the vicinity of these peaks the radiated energy exceeds the corresponding value
for the case of homogeneous and unbounded medium by several orders of magnitude. However
in [17, 18] the phenomena of absorption and dispersion of electromagnetic waves inside the ball
material were not taken into account. The allowance for these phenomena was made in [19]. In
the present paper a new characteristic feature of such a high power radiation was revealed and
a simple model that disclosed the physical cause of its generation was suggested.
It is worthwhile to point out that a similar phenomenon (less pronounced) takes place in the
cylindrical symmetry case [20]-[26]. E.g., the radiation emitted (i) from a longitudinal charged
oscillator moving with constant drift velocity along the cylinder axis, and (ii) from a charged
particle moving along a circle around a dielectric cylinder or (iii) along a helical orbit inside the
cylinder are investigated in [20]-[22], [23] and [24]-[26] respectively. The latter type of motion is
used in helical undulators for generating electromagnetic radiation in a narrow spectral interval.
It is shown that under similar Cherenkov condition for permittivity of cylinder and the particle
speed, high narrow peaks are present in the spectral-angular distribution for the number of
radiated quanta. In the vicinity of these peaks the radiated energy exceeds the corresponding
value for homogeneous medium case by several orders of magnitude.
The content of paper is organized as follows: in Section 2 the description of problem is
given, and in Section 3 the method of solution is described and the final analytical expression
for the intensity of radiation from a relativistic particle rotating about a ball is given. Numerical
results are presented in Section 4. The characteristic features of phenomenon are discussed in
Section 5. The cause of radiation amplification is established in Section 6. Similar processes
of amplification typical for a chain of equidistant particles/bunches, are considered in the next
section. In the last section the main results of paper are summarized.
2 The description of problem
Now consider the uniform rotation of relativistic electron in the equatorial plane of a dielectric
ball in the magnetic field in empty space (see Fig. 1).
Figure 1: A relativistic electron rotating about a dielectric ball in its equatorial plane.
The permittivity of medium is the following step function of radial coordinate r:
ε (r) = εb + (1− εb)Θ (r − rb) , (1)
where rb is the radius of ball, and εb = ε
′
b + iε
′′
b is the complex valued permittivity of the ball
material. We assume that the braking of electron due to the emission of radiation is compensated
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by an external influence (e.g., the electric force) that compels the particle to turn uniformly in
a circle.
It is convenient to introduce the following dimensionless quantity:
wkT/~ωk ≡ nk (2)
(the number of emitted quanta). Here wkT is the energy radiated at frequency ωk = kω0 during
one period T = 2pi/ω0 of electron gyration, k = 1; 2; 3... is the harmonic number, and ~ωk is the
energy of corresponding electromagnetic wave quantum.
It is known [10] that if the space as a whole is filled with a transparent substance (with
constant ε) then
nk (∞; v, ε) = n0
β
√
ε
[
2β2J
′
2k (2kβ) +
(
β2 − 1) ∫ 2kβ
0
J2k (x) dx
]
, (3)
where n0 = 2pie
2/~c ∼= 0.0459 , β =v√ε/c and Jk (x) is the Bessel function of integer order. The
case ε = 1 of this formula corresponds to the synchrotron radiation in vacuum (see, e.g., [2, 3]).
We aimed at:
• calculation of nk = nk (ball), when ε (r) is the step function (1) and
• demonstration that in case of weak absorption of radiation in the ball material and at
special choice of the values of rb and εb , the number of emitted quanta
nk (ball; v, rb/re, εb)≫ nk
(
∞; v, ε′b
)
.
3 The final formula
We have obtained [14, 15, 17] (see also [18]) the following expression
nk (ball;v, x, εb) =
2n0
k
∞∑
s=0
(
|akE (s)|2 + |akH (s)|2
)
(4)
for the number of quanta emitted by the electron during one revolution. Here x ≡ rb/re < 1
and
akE (s) = kbl (E)P
k
l (0)
√
(l − k)!/l (l + 1) (2l + 1) (l + k)!, l = k + 2s,
akH (s) = bl (H)
√
(2l + 1) (l − k)!
l (l + 1) (l + k)!
dP kl (y)
dy
∣∣∣∣∣
y=0
, l = k + 2s+ 1 (5)
are dimensionless amplitudes describing the contributions of electrical (E ) and magnetic (H )
type multipoles respectively, P kl (y) are the associated Legendre polynomials, and bl (E), bl (H)
are the following factors depending on k,v, x and εb:
bl (H) = iu
[
jl (u)− hl (u)
{jl (xub) , jl (xu)}x
{jl (xub) , hl (xu)}x
]
, u = kv/c, ub = kv
√
εb/c,
bl (E) = (l + 1) bl−1 (H)− lbl+1 (H) + x−2 (1− εb)
[
jl−1 (xub) + jl+1 (xub)
]×
× [hl−1 (u) + hl+1 (u)] l (l + 1) ubjl (xub)
lzll−1 + (l + 1) z
l
l+1
. (6)
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Here hl (y) = jl (y) + inl (y), and jl (y), nl (y) are spherical Bessel and Neumann functions
respectively. In (6) we used the following notations:
{a (xα) , b (xβ)}x ≡ a
∂b
∂x
− ∂a
∂x
b,
fl (x) ≡ fl (x) / {jl (xub) , hl (xu)}x , (7)
zlν ≡
ujν (xub) hl (xu) εb − ubjl (xub)hν (xu)
ujν (xub) hl (xu)− ubjl (xub)hν (xu) .
In the absence of dielectric ball (εb = 1) the calculations by means of our formula (4) give
the same results as those obtained using the well-known synchrotron radiation theory formula
(3).
4 The results of numerical calculations
Now consider the radiation generated by the electron at some harmonic ωk = kω0, e.g., for
k = 8. In Fig.2 the number n8 (x) of emitted quanta was plotted versus the ratio x = rb/re of
Figure 2: The number nk(x) of electromagnetic field quanta generated per revolution of electron
about a dielectric ball depending on the ratio x = rb/re of the radius of ball and that of electron
orbit. The harmonic number k = 8, the electron energy Ee = 2MeV , the radius of its orbit
re = 3.69cm. The corresponding radiation is at the wavelength 3cm(in vacuum). The ball is
made of melted quartz. The dielectric losses of energy inside the ball material are taken into
account. For explanation see the text.
ball to electron orbit radii. The energy and the orbit radius of the particle were taken to be
Ee = 2MeV and re = 3.69cm respectively. Here corresponding to the 8th harmonic is the
radiation at frequency ω8/2pi = 10
10Hz and wavelength λ8 = 3cm (in vacuum). The number of
quanta was calculated in [19] by formula (4) with due regard for the dispersion and dielectric
losses of energy inside the substance of ball under the assumption that the ball is made of melted
quartz, the value of permittivity of which is [27, 28]:
εb (ω8) = ε
′
b + iε
′′
b = 3.78 (1 + 0.0001i) (8)
According to (3) the number of quanta emitted on the 8th harmonic by electron with above
values of Ee and re at rotation in a continuous, infinite and transparent medium with ε = 3.78
would be [10]
n8 (∞) ∼= 0.0274 (9)
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(the horizontal dashed line in Fig.2). If the particle did not rotate, but moved rectilinearly in
the same medium with energy Ee = 2MeV , then during the period of time T = 2pi/ω0 it would
have emitted in a narrow frequency band ∆ω = ω0
n∆ω (∞) = (v/c− c/vε)n0 ∼= 0.0318 (10)
quanta (see, e.g., [8]-[10]). It is evident that n∆ω (∞) ∼ n8 (∞). In the absence of ball (syn-
chrotron radiation [1]-[6])
n8 (vac) ∼= 0.00475. (11)
According to Fig.2, n8 (x) ∼ n8 (vac) practically for all x except for 0.8 < x < 0.85 and
0.95 < x < 1. There are peaks in these ranges and for the highest one
x∗ = 0.9815 and n8 (ball;x
∗) ∼= 0.951 =⇒ n8 (ball;x∗) /n8 (∞) ∼= 35. (12)
Here more than 30-fold magnification of n8 (from ≈ 0.03 to ≈ 1.0) is due to the forced
uniform rotation of electron around the ball under the action of an external energy source. The
corresponding value of ball radius rb = 3.62cm and, consequently, the distance re − rb between
the rotating electron and the ball surface should be 0.7mm. Apparently,
n8 (vac) << n∆ω (∞) ∼ n8 (∞) << n8 (ball;x∗) . (13)
Similar results may be obtained for a series of other values of k >> 1, as well as for electrons
with 1 ≤ Ee ≤ 5MeV energy and balls with 1 ≤ ε′b ≤ 5 and ε
′′
b /ε
′
b << 1.
5 Peculiarities of the phenomenon
It is significant that the condition
nk (ball; v, x
∗, εb) >> nk
(
∞; v, ε′b
)
(14)
holds
(A) only for a number of values of rb/re = x
∗ and also
(B) when simultaneously the Cherenkov condition
v∗
√
ε
′
b/c > 1 (15)
for speed v∗ ≡ x∗v= rbω0 of particle ”image” on the ball surface (see. Fig.3) and the real part
ε
′
b of the permittivity of ball material is satisfied.
For all peaks (14) the characteristic propagation lengths l = 2c
√
ε
′
b/ωkε
′′
b , after passage of
which the amplitude of electromagnetic oscillations decreases in e times, are always many times
greater than the ball radius:
l >> rb. (16)
For this reason the third condition may be formulated as:
(C) inside the ball the electromagnetic oscillations may pass the distances that exceed many
times the radius rb of ball (before oscillations are absorbed or leave the boundaries of ball).
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6 The reason of radiation amplification
If the electron is relativistic, then in addition to the synchrotron radiation it may also generate
Cherenkov radiation. Its rise is attributed to the fact that the field coupled with the relativistic
electron partially penetrates the ball and rotates together with the particle. At small distances
from the surface of ball: re ≈ rb, the speed of this field displacement inside the ball may be
larger than the phase speed c/
√
ε
′
b of light in the ball material, and then CR with wavelengths
[8]-[10]
λk/
√
ε
′
b ≥ (re − rb) . (17)
is generated inside the ball. In this section for visual explanation of numerical results given in
Sections 4,5 we shall avail of the following simplified model.
Let us assume that at the moment tA the electron is in point A of orbit and its image is in
point A∗ (see. Fig.3). At this instant the electron generates CR along with the synchrotron
Figure 3: A rotating electron in point A along with the synchrotron radiation generates a pulse
of Cherenkov radiation (the wave line) in the vicinity of point A∗ inside the ball (the speed of
electron field displacement inside the ball exceeds the phase speed of light in the ball material).
The pulse travels to the vicinity of point B∗and at least some part of radiation is subjected to
an ”almost total” internal reflection at θ angle.
Figure 4: A relativistic charged particle moves along the axis of circular section waveguide filled
with dielectric. The particle generates a pulse of Cherenkov radiation in the vicinity of point
A (the wave line). At its propagation the pulse at some instant crosses the trajectory of its
faster-than-light source (axis of waveguide) in the vicinity of point B∗ at the same angle θ, at
which it was emitted. At that moment the pulse will fall behind the particle that will be found
more to the right at some point B.
radiation, or to be more exact, generates CR pulseW (A∗; t ≥ tA) (the wavy line) in the vicinity
of point A∗ inside the ball near the surface. The direction of CR is characterized by some
6
radiation angle θ. We shall use the following ansatz that θ is determined by the Cherenkov
condition
cos θ = c/v∗
√
ε
′
b (18)
by analogy with the case of faster-than-light particle propagating rectilinearly in a continuous
and infinite dielectric medium [8]-[10]. In (18) v∗ =vrb/re is the speed of particle ”image” on the
surface of ball. According to such a simplified approach, the condition B of Section 5 establishes
that the electron generates CR inside the dielectric ball. The pulse W (A∗; t ≥ tA) travels the
distance A∗B∗ to the vicinity of point B∗ by the surface of ball and is partially absorbed by the
ball material. In (18)
cos θ > 1/
√
ε
′
b
and, consequently, at least some part of radiation with the wavelength
λk/
√
ε
′
b << rb (19)
(according to the laws of geometrical optics) will be subjected to an ”almost total” internal
reflection at θ angle. This process will continue till W (A∗; t ≥ tA) is totally absorbed and/or
leaves the ball. At ε
′
b/ε
′′
b >> 1 (small adsorption) the pulse W (A
∗; t ≥ tA) ”will have time” to
reflect from the internal surface of ball
m ≈ l
A∗B∗
=
ε
′
b/ε
′′
b
k tan θ
>> 1 (20)
times and, consequently, to travel the distancemA∗B∗ ∼ mrb >> rb inside the ball in agreement
with condition C of the previous section. Over the period of time Tl = l
√
ε
′
b/c, during which the
oscillation amplitude in the pulse W (A∗; t ≥ tA) decreases in e times, the electron will make
N ≡ [Tl/T ] =
[
ε
′
b/pikε
′′
b
]
>> 1 (21)
revolutions along the orbit ([τ ]means the integer part of number τ). In this process the electron
will appear in the vicinity of point A many times at instants tA+ T ; tA+2T ; . . . tA+NT , and
its image will appear in the vicinity of point A∗ as much times again and each time will generate
CR pulse. All N + 1 pulses W (A∗; t ≥ tA + sT ) with s = 0; 1; 2...N will propagate inside the
confined space (ball) along identical ”trajectories”. For the highest peak in Fig.2 m ≈ 806 and
N = 398.
The aforesaid is applicable to each point along the electron orbit. Being superimposed in
the confined space (ball), the electromagnetic oscillations of numerous CR pulses will, naturally,
damp each other. In this case the influence of ball will be small and the total radiation will not
differ strongly from the synchrotron radiation. This is precisely the case for the most values of
x (see Fig.2). However, in some special cases the deviations from such a picture are possible.
These take place in ranges 0.8 < x < 0.85 and 0.95 < x < 1 shown in Fig.2. Inside these ranges
at some special choice of x = rb/re ≡ x∗(cf. with condition A in Section 5) the superposition
of electromagnetic oscillations will be close to the in-phase one. In this case the total field may
prove considerably more strong than that at x 6= x∗. The force that brakes the gyration of
electron will also increase and the extra work of external force compelling the electron to rotate
uniformly along the orbit will be spent for generation of more powerful CR. This is precisely the
case at x∗ = 0.9815 in Fig.2.
In Section 4 we determined the values of x = x∗ from the requirement of the presence of
peak, nk (ball;x
∗) >> nk (∞), by numerical calculations by formula (4), disregarding (18) and
neglecting the laws of geometrical optics.
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1. Thus, in general, the influence of ball on radiation from the particle is small and the total
radiation differs slightly from synchrotron radiation.
2. However, at some special values of the ratio rb/re ≡ x∗ high power CR will be generated.
3. Its rise is due to the fact that the electromagnetic oscillations of CR induced by the
particle along all the trajectory are partially locked inside the ball and are superimposed
in nondestructive way.
7 Similar processes of amplification
7.1 Amplification of transition radiation [28,29]
In 1996 and 1997 Prof. Wiedemann with co-workers experimentally observed a similar phe-
nomenon for Transition Radiation (TR) from a chain of relativistic electron bunches of sub-
picosecond duration from the Stanford University Short Intense Electron source (SUNSHINE).
At the output of TR radiator (metallic foil) the radiation from one electron bunch was
directed with the help of a special system of mirrors (influence of boundaries) back to the radiator
so, that the radiation pulse arrived there at the instant of incidence of the other electron bunch
to generate new TR pulse. So, a superposition of electromagnetic pulses emitted at different
moments of time took place within the formation zone of radiation.
In the case of ball, the superposition of electromagnetic pulses emitted at different moments
of time also takes place in the radiation zone. However, the pulses are emitted by the same
particle (not different particles).
7.2 Amplification of Cherenkov radiation inside a waveguide
Let us consider CR from a chain of equidistant charges moving along the axis of circular sec-
tion waveguide filled with transparent and nondispersive dielectric (e.g.., teflon in the range of
wavelengths λ > 1mm [27, 28]).
In Fig.4 the first charge is shown to be in point A. Let us trace the propagation of CR pulse
W1 (A; t ≥ tA) induced by the first charge and emitted in small vicinity of point A at the instant
tA (wave line in Fig.4). At its propagation the pulse W1 (A; t ≥ tA) at some instant tB will cross
the trajectory of charges (axis of waveguide) in the vicinity of some point B∗ at the same angle
θ, at which it was emitted. At that moment W1 (A; t ≥ tA) will fall behind its faster-than-light
source that will be found more to the right at some point B.
The second charge of the chain is more to the left at the distance of d from the first one and
if d ∼= B∗B it will cross the vicinity of point B∗ simultaneously with the pulse W1 (A; t ≥ tA).
CR pulse W2 (B
∗; t ≥ tB) generated by the second charge in the vicinity of point B∗ will be
formed and simultaneously interfere with W1 (A; t ≥ tA) for all t ≥ tB. If the direction of CR
cos θ = c/v
√
ε, and the radius a of waveguide are known, one can easily calculate the distance
B∗B = 2a tan θ (22)
of a pulseW1 (A; t ≥ tA) from its source at the instant tB. It is clear that at d ∼= B∗B = 2a tan θ
the generation of pulses in regions adjacent to the second, third and subsequent charges will
take place simultaneously with their interference with the pulses emitted earlier by charges
propagating ahead of them. Note, that a similar process may take place for all d multiple to
the length of B∗B and, in particular, at x ≡ d/B∗B ∼= 1; 2; 3....
The superposition of pulses may be accompanied by their suppression or amplification de-
pending on this or that value of the phase difference. For some values of x ≡ x∗ the in-phase
superimposition of oscillations is possible.
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Analytical and numerical calculations carried out in [31] have shown that the in-phase su-
perposition takes place if
• x∗ ∼= 1 (the case of power quasi-monochromatic CR) and
• x∗ = 4 (powerful CR in wider frequency band).
In both the cases the pulses are superimposed in-phase in regions directly adjacent to the
radiating charges. But for all that the superimposed pulses are generated by different charges.
In case of ball the pulses are emitted by the same particle.
8 Conclusions
1) We have studied the radiation from a relativistic electron at uniform rotation about a
dielectric ball with due regard for dielectric losses of energy inside the ball material. Here, in
addition to the synchrotron radiation the electron may also emit Cherenkov radiation. Its rise
is attributed to the fact that the field coupled with the relativistic electron partially penetrates
the ball and rotates together with the particle. At small distances from the surface of ball:
re ≈ rb, the speed of this field displacement may be larger than the phase speed of light in the
ball material and then Cherenkov radiation with wavelengths (17) is emitted inside the ball.
The peculiarities in total radiation at different harmonics ωk due to the influence of matter and
ball radius are investigated theoretically.
2) In general, the influence of ball on radiation from the particle is small and radiation
differs slightly from synchrotron radiation. However, in case of weak absorption (ε
′′
b << ε
′
b) in
the ball material at some harmonics with k >> 1 the electron may generate nk ≥ 1 quanta of
electromagnetic field during one rotation period. E.g., an electron of 2MeV energy uniformly
rotating at the distance of 0.7mm from the surface of fused quartz ball with radius rb = 3.62cm
will generate approximately one quantum (n8 ≈ 1.0) of electromagnetic field at the wavelength
λ8 ≈ 3cm (8th harmonic) during one revolution (see the highest peak in Fig.2). This value
is more than 30-fold greater than the similar value of n8 for electron rotating in a continuous,
infinite and transparent medium having the same real part ε
′
of permittivity as that for the ball
(see (9) and the dashed line in Fig.2).
3) Such a magnification of nk is due to the presence of external source of energy stimulating
a uniform rotation of electron around the ball. It is possible only if
• the ratio between the radius of ball and that of electron orbit takes on a number of fixed
values (see, e.g., (12))
• the Cherenkov condition (15) for the speed of particle “image” on the ball surface and the
ball material is satisfied and
• inside the ball the Cherenkov radiation field passes the distances that are many times
greater than the radius rb of ball (before the radiation will be absorbed or leave the ball
boundaries).
4) High power radiation rises due to the fact that electromagnetic oscillations of Cherenkov
radiation induced by the particle along all its trajectory are partially locked inside the ball and
are superimposed in nondestructive way (Section 6).
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